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Introduction
Riemannian invariants are the intrinsic characteristics of the Riemannian manifold. Among all Riemannian invariants, curvature is "the N o 1 Riemannian invariant and the most natural", according to Marcel Berger in [1] .
Classically, among the Riemannian curvature invariants, people have been studying sectional, scalar and Ricci curvatures. In [3] , the first author introduces new types of curvature invariants, defining two strings of scalar-valued Riemannian curvature functions M → R, namely δ(n 1 , . . . , n k ) andδ(n 1 , . . . , n k ) for every (n 1 , . . . , n k ) satisfying n 1 < n, n j ≥ 2 and n 1 + · · · + n k ≤ n. For these two strings of Riemannian invariants, one always has trivially (see below) δ(n 1 , . . . , n k ) ≥δ(n 1 , . . . , n k ). (1.1) When a Riemannian manifold M is immersed as a submanifold in some larger Riemannian manifold M , the shape that the submanifold M assumes in M is determined by various extrinsic curvatures. Among the scalar-valued extrinsic curvature functions M → R, the squared mean curvature H 2 has so far been studied most intensively, due to its natural relation to geometric variational problems on area and volume and to the physical notion of tension. In particular, all sorts of shapes assumed by surfaces in the classical Euclidean world E 3 , from soap bubbles to red blood cells, seem to be determined by various curvatures. For a beautiful survey on extrinsic and intrinsic curvatures, we refer to the article [6] of Robert Osserman.
It was shown by the first author in [3] that, for any isometric immersion of a Riemannian n-manifold M in a Riemannian space form R m ( ) of constant sectional curvature , δ(n 1 , . . . , n k ) satisfies the following sharp inequality:
Combining (1.1) and (1.2) one also has the following inequality:
According to the imbedding theorem of John Nash, every given Riemannian manifold M can be realized as a submanifold in sufficiently large Euclidean ambient space. Inequalities (1.2), (1.3) then give "for free" (the inequalities hold without imposing any condition at all) optimal relations between some of the main scalarvalued intrinsic and extrinsic curvature invariants. These inequalities among others give answers to some old and basic questions (like which Riemannian characteristics of M obstruct to minimal immersibility in some Euclidean space), give new views on rigidity of submanifolds as expressed in the new notion of "ideal immersions", and give new results on purely intrinsic spectral properties of homogeneous spaces obtained via extrinsic data. For these and other observations concerning the significant role played by the strings of invariants, we refer to [2] , [3] , [4] .
In this article, we classify Riemannian manifolds which satisfy the equality case of (1.1), i.e., satisfy the condition: δ(n 1 , . . . , n k ) =δ(n 1 , . . . , n k ). Further we apply the notion of the scalar curvature of k-plane sections to establish a simple characterization of conformally flat spaces, which generalizes a well-known result of R. S. Kulkarni [5] . We also obtain a characterization of the even-dimensional Einstein manifolds in terms of scalar curvatures of r-plane sections, which extends a well-known characterization of Einstein 4-manifolds due to I. M. Singer and J. A. Thorpe [7] . Finally we determine all submanifolds of a Riemannian space form R m ( ) which realize the equality in (1.3).
Riemannian invariants
Let M be a Riemannian n-manifold. Denote by K(π) the sectional curvature of M associated with a plane section π ⊂ T p M , p ∈ M . For any orthonormal basis e 1 , . . . , e n of the tangent space T p M , the scalar curvature τ at p is in a perhaps somewhat non-standardly normalized way, which is rather suitable for our purposes, defined to be
where {e 1 , . . . , e r } is an orthonormal basis of L. The scalar curvature τ (p) of M at p is nothing but the scalar curvature of the tangent space of
is the scalar curvature of the image exp p (L) of L at p under the exponential map at p. The notion of scalar curvature of a general r-plane section plays a central role in this article.
For an integer k ≥ 0, denote by S(n, k) the set consisting of all k-tuples (n 1 , . . . , n k ) of integers ≥ 2 satisfying n 1 < n and
Finally, we introduce some notation. Let {e 1 , . . . , e n } be any orthonormal basis of T p M . Then we denote the scalar curvature of the j-space spanned by e i1 , . . . , e ij by τ i1···ij .
Generalizations of Kulkarni's characterization of conformally flat spaces and Singer-Thorpe's characterization of Einstein spaces
We first prove the following generalization of a result of Kulkarni [5] .
Theorem 1. Let M
n be a Riemannian manifold with n ≥ 4, and let s be any integer satisfying 2 < 2s ≤ n. Then M is conformally flat if and only if for any orthonormal set {e 1 , . . . , e 2s } of vectors one has
Proof. For s = 2 this is Kulkarni's result. For completeness, we include a proof of this case.
If M is conformally flat, Weyl's conformal curvature tensor vanishes. Thus
from which we conclude that
Conversely, if (3.3) holds for distinct i, j, k, , then, by fixing i, j, k in (3.3) and summing up over all remaining , one obtains
Fixing i, j in (3.4) and summing up over all remaining k, we obtain (3.2), which implies the vanishing of Weyl's conformal curvature tensor. Therefore, M is conformally flat. Now, we prove the theorem for s > 2. First we prove that a conformally flat space satisfies (3.1). So suppose that M n is conformally flat and let s be any integer satisfying 2 < 2s ≤ n.
From Kulkarni's result we know that K is + K k s+1 = K i s+1 + K ks for any i < s and k > s + 1. Therefore we have that
Next we prove (3.1) implies conformal flatness. For this we use (3.1) twice to obtain
It is clear that K ik does not occur in (3.5) unless both i and k belong to the set {s − 1, s, s + 1, s + 2}. Taking this into consideration, (3.5) becomes
and Kulkarni's result implies that M is conformally flat.
In particular, statement (3.1) yields the following. 
We remark that a manifold is conformally flat with vanishing scalar curvature if and only if it is conharmonically flat. Hence Corollary 1 is a generalization of a result in [8] .
The following result generalizes a well-known characterization of 4-dimensional Einstein spaces due to I. M. Singer and J. A. Thorpe [7] .
Theorem 2. Let M be a Riemannian 2 -manifold. Then M is an Einstein space if and only if
Proof. Let L be an arbitrary -plane section at p. Choose an orthonormal basis {e 1 , . . . , e 2 } at p such that L is spanned by e 1 , . . . , e .
If M is an Einstein space, then the Ricci curvatures of M satisfy
Ric(e 1 ) + · · · + Ric(e ) = Ric(e +1 ) + · · · + Ric(e 2 ).
Equation (3.7) implies
which yields Ric(e 1 ) = Ric(e +1 ). Since > 1, this implies that M is Einstein.
Riemannian space forms, Einstein spaces and conformally flat spaces
In this section, we characterize Riemannian space forms, Einstein spaces and conformally flat spaces as being S-spaces. In fact we classify all S(n 1 , . . . , n k )-spaces. Clearly if k = 0, there is nothing to show. Hence if the dimension of the manifold is 2, there is also nothing to show.
First we consider S(j)-spaces. We start with some lemmas.
Lemma 1. For a given integer j with 2 ≤ j ≤ n − 2, if M is an S(j)-space, then it is an S(j + 1)-space.
Proof. For simplicity, we start with a special case: j = 3. If M is an S(3)-space, then τ 123 is a number, say c, which is independent of the choice of the 3-plane. In particular, from the definition of scalar curvature of a j-plane, we have
where K ij denotes the sectional curvature of the 2-plane spanned by e i , e j .
On the other hand, since M is an S(3)-space, we have Combining (4.1) and (4.5) yields τ 1234 = 2c. Since the orthonormal basis can be chosen arbitrarily, this implies that M is an S(4)-space.
In general, if M is an S(j)-space, then
On the other hand, similar to (4.5), we also have
Combining (4.6) and (4.7) yields (j − 1)τ 1···j+1 = (j + 1)c. This implies M is an S(j + 1)-space.
Lemma 2. M is an S(n − 1)-space if and only if M is an Einstein space.
Proof. This Lemma follows obviously from the following identity:
where e n is a unit vector perpendicular to a hyperplane
Lemma 3. An S(n − 2)-space is a Riemannian space form.
Proof. Let M be an S(n − 2)-space. Then M is an Einstein space according to Lemmas 1 and 2. On the other hand, let e n−1 , e n be any orthonormal vectors at a point p and let L n−2 be the (n−2)-subspace of the tangent space T p M perpendicular to e n−1 and e n . We have
where c is independent of the choice of L n−2 . Because M is Einstein, (4.8) implies that K n−1 n does not depend on the choice of the plane e n−1 ∧ e n . Hence M is a Riemannian space form. This completes the proof of Lemma 3.
Thus we have proved the following theorem. 
M is an S(n − 1)-space if and only if M is an Einstein space.
Now we consider S(n 1 , . . . , n k )-spaces for k > 1. We will prove the following theorem.
Theorem 4.
Let M be a Riemannian n-manifold and k an integer ≥ 2.
1. If M is an S(n 1 , . . . , n k )-space, then M is a Riemannian space form unless n 1 = . . . = n k and n 1 + · · · + n k = n. 2. M is an S(n 1 , . . . , n k )-space with n 1 = . . . = n k and n 1 + · · · + n k = n if and only if M is a conformally flat space.
Proof. Without loss of generality, we may assume n 1 ≤ n 2 ≤ · · · ≤ n k . Let e 1 , . . . , e n be an orthonormal basis of T p M . If M is an S(n 1 , . . . , n k )-space, then we have
where c is independent of the orthonormal basis.
Consider a permutation σ of {1, . . . , n 1 + · · · + n k }. For each such permutation, there exists a corresponding equation similar to (4.9) given by
By summing up all such equations we obtain
where c 1 , c 2 are some positive constants. This implies that M is an S(n 1 +· · ·+n k )-space. Thus, according to Theorem 3, if n 1 + · · · + n k ≤ n − 2, then M is a Riemannian space form; if n 1 + · · · + n k = n − 1, then M is an Einstein space; if n 1 + · · · + n k = n, we obtain no new information. In the first case, we are done, so we only have to consider the last two cases. First we will assume that M is not Einstein, and prove that M has to be conformally flat. Next we will show that if M is Einstein, then M has constant sectional curvature. Case 1. M is not Einstein. Clearly, in this case, we must have n 1 + · · ·+n k = n, so (4.9) becomes
Consider a permutation σ of {2, . . . , n}. For each such permutation, there is a corresponding equation similar to (4.12) given by
By summing up all such equations we obtain c 3 Ric(e 1 ) + c 4 τ 2,... ,n = c 5 c, (4.14)
where
where n−3 n1−3 is defined to be zero if n 1 = 2. These formulas easily imply that 
Using the assumption n 1 ≤ n j , this implies that n 1 = . . . = n k .
So M is an S(n 1 , . . . , n k )-space with n 1 = . . . = n k and n 1 + · · · + n k = n. Put n 1 = j. Let {e 1 , . . . , e 2j } be an orthonormal set of vectors and let L 3 , . . . , L k be mutually orthogonal j-dimensional spaces, which are also orthogonal to {e 1 , . . . , e 2j }. Then
which obviously implies (3.1), so M is conformally flat.
Before going into the second case, we first prove the converse. So we suppose that M n is conformally flat, and suppose n = kj for some natural numbers k > 1 and j > 1. Let {e 1 , . . . , e kj } be any orthonormal basis of M ; then (3.1) easily implies that
does not depend on the order of the indices. Moreover, if we perform a rotation in the (e 1 , e 2 )-plane, we obviously don't change the value of (4.17). Hence, since the ordering of the indices is not important, we obtain that, if we perform a rotation in any (e i , e m )-plane, then the value of (4.17) remains the same. Since any two orthogonal bases can be mapped into each other by performing consecutive rotations in coordinate planes, we obtain that (4.17) is independent of the choice of orthonormal basis. Hence M is an S(j, . . . , j)-space.
Case 2. M is Einstein. Since M is an S(n 1 , . . . , n k )-space, we have (4.9). Now, for any permutation σ of {3, . . . , n}, there is a corresponding equation similar to (4.9). By summing up all such equations, we obtain
where d 1 = c 3 , and d 2 , d 3 are constants such that
These formulas easily imply that
From (4.15) and (4.19) it follows that n j (n j − 1), (4.21) which is impossible. Therefore, from (4.18) and the hypothesis that M is Einstein, we obtain that M is a Riemannian space form.
The immersions which realize the equality in (1.3)
In this final section, we prove the following theorem. for any mutually orthogonal k-plane sections L 1 , . . . , L k ⊂ T p M, p ∈ M , with dim L j = n j , j = 1, . . . , k. Let {e 1 , . . . , e n , e n+1 , . . . , e m } be an orthonormal basis at a point p such that L j is spanned by e n1+···+nj−1+1 , . . . , e n1+···+nj , for j = 1, . . . , k. From (5.2) and from the proof of (1.4) given in [3] , we know that the shape operators of M at p take the following forms: Since L 1 , . . . , L k can be chosen to be any mutually orthogonal k-plane sections in T p M , the above conditions imply that each A r is proportional to the identity matrix. Hence M is a totally umbilical submanifold in R m (c). The converse is easy to verify.
